ABSTRACT. With the help of a property of completely simple semigroups proved in this paper we give necessary and sufficient conditions for vertex-transitivity of Cayley digraphs of strong semilattices of completely simple semigroups.
Introduction
Cayley digraphs of semigroups as a generalization of Cayley digraphs of groups have received considerable attention, see e.g. [1, 2, 3, 4, 5] . It is well known that Cayley digraphs of groups are automatically vertex-transitive. This is far from true for Cayley digraphs of semigroups. On the other hand, by [5] , Cayley digraphs of semigroups can be regarded as a source of possibly new vertextransitive graphs. In [5] , the authors investigate vertex-transitive Cayley graphs of semigroups in general. However, in general case, it is difficult to obtain vertextransitive digraphs from Cayley digraphs of semigroups. Therefore, following [5] , many authors study vertex-transitive Cayley digraphs of specific semigroups which have good or concrete algebraic structures and obtain vertex-transitive digraphs from these Cayley digraphs, c.f. [2] , [6] and [7] .
In [6] the transitivity of Cayley digraphs of strong semilattices of right and left groups is addressed and in [7] the case of rectangular groups is considered.
Both right and left groups are rectangular groups, and rectangular groups are special completely simple semigroups. It is well known that completely simple semigroups have concrete algebraic structures. In fact, every completely simple semigroup is isomorphic to a Rees matrix semigroup. Thus, it is natural to study vertex-transitive Cayley digraphs of strong semilattices of completely simple semigroups and obtain vertex-transitive digraphs from these Cayley digraphs.
Our main results are necessary and sufficient conditions for vertex-transitivity of Cayley digraphs of strong semilattices of completely simple semigroups. Our proofs rely on methods developed in the fundamental paper [5] and on a property of completely simple semigroups that appears to be of interest on its own.
We will outline more background on the topic in the course of introducing definitions and notation in Section 2. Main results are presented in Section 3 and the paper concludes with some examples worked out in Section 4.
Basic definitions and results
Let S be a semigroup and ∅ = A ⊆ S. We define the Cayley digraph Cay(S, A) as follows: S is the vertex set and (u, v), u, v ∈ S, is an arc in Cay(S, A) if there exists an element a ∈ A such that v = ua. The set A is called the connection set of Cay(S, A). Note that by this way we have avoided multiple edges in Cayley digraphs.
A digraph automorphism on the Cayley digraph Cay(S, A) will be called a color-preserving digraph automorphism if xa = y implies φ(x)a = φ(y) for every x, y ∈ S and a ∈ A. The Cayley digraph Cay(S, A) is called vertex-transitive (resp. color-preserving vertex-transitive) if, for any two vertices x, y ∈ S, there exists a digraph automorphism (resp. color-preserving digraph automorphism) on Cay(S, A) such that φ(x) = y.
If (Y, ≤) is a nonempty partially ordered set such that the meet α ∧ β of α and β exists for every α, β ∈ Y , we say that (Y, ≤) is a (lower) semilattice. A semigroup S is said to be a semilattice of (disjoint) semigroups
Moreover, S is a strong semilattice of semigroups if, in addition to the above, for all α ≥ β in Y there exists a semigroup homomorphism f α,β : S α → S β , called a defining homomorphism, with
• for all α ∈ Y , f α,α = id S α , the identity mapping,
In this case we use the notation S = (S α , Y, f α,β ). Let S be a semigroup and A a nonempty subset of S. Then by A we mean the subsemigroup of S generated by A, and the set of idempotents in S is denoted by E(S). The Green's relations [9] on S (which are all equivalences on S) are defined as follows: For a, b ∈ S, Suppose that G is a group, I and Λ are nonempty sets, and P = (p λi ) is a (Λ × I)-matrix with entries p λi ∈ G for all λ ∈ Λ and i ∈ I. The Rees matrix semigroup M (G, I, Λ, P ) over G with sandwich-matrix P consists of all triples (i, g, λ), where i ∈ I, λ ∈ Λ and g ∈ G, with multiplication defined by the rule (i, g, λ)(j, h, µ) = (i, gp λj h, µ). From [8] , a Rees matrix semigroup is completely simple, and vice versa, up to isomorphism.
The following results will be used in this paper.
Then xLy (resp. xRy) if and only if λ = µ (resp. i = j). As a consequence, 
Ä ÑÑ 2.5º ([8]) Let S be a semigroup, U a completely regular subsemigroup, a, b ∈ S and e, f ∈ E(S). Then
(1) H e is a subgroup of S with identity e;
Main results
In this section, we consider strong semilattices of completely simple semigroups with vertex-transitive Cayley digraphs. We begin by exploring some properties of completely simple semigroups.
Ä ÑÑ 3.1º Let S = M (G, I, Λ, P ) be a finite completely simple semigroup and
Observe that (j, h, µ)(i, g, λ) ∈ T , by Lemma 2.5(3),
Thus, T is simple and completely regular whence T is completely simple.
Ä ÑÑ 3.2º Let S be a completely simple semigroup and e a fixed idempotent in S. Denote G = H e , I = L e ∩ E(S) and Λ = R e ∩ E(S). Then
(1) G is a subgroup with identity e, and λi ∈ G for any i ∈ I and λ ∈ Λ;
, and is isomorphic to S under the isomorphism
(1) By Lemma 2.5(1), G is a subgroup with identity e. Let i ∈ I and λ ∈ Λ. Then iLeRλ. Since S is completely simple, the H-class
Observe that for any s, t ∈ E(S), sLt (resp. sRt) if and only if st = s (resp. st = t) and ts = t (resp. ts = s) (see [9, 
where g −1 and h −1 are the inverses of g and h in G, respectively. Dually, λ = µ. Thus, φ is injective. Now, let x ∈ S. Since S is completely simple, D = S × S and so xDe. This implies that xRaLe and xLbRe for some a, b ∈ S. Let i, λ be the idempotents in H a and H b , respectively. Then i ∈ I and λ ∈ Λ. By Lemma 2.
which implies that φ is surjective. Furthermore,
Thus, φ is bijective and preserves the multiplication. Thus, M (G, I, Λ, P ) is a semigroup and φ is a semigroup isomorphism.
Let S be a completely simple semigroup and e ∈ E(S). Then the semigroup M (G, I, Λ, P ) obtained in Lemma 3.2 is called a Rees representation of S from [8] , which will be called the standard Rees representation determined by e in this paper.
Ä ÑÑ 3.3º Let S be a completely simple semigroup, T a completely simple subsemigroup of S and e ∈ E(T ). Assume that M (G, I, Λ, P ) and M (G , I , Λ , P ) are the standard Rees representation of S and T determined by e, respectively. Then
(1) By the proof of Lemma 3.2, we have G = H e , I = L e ∩ E(S) and Λ = R e ∩ E(S) and 
It is routine to check that the mapping φ : S → T with φ
= φ α for each α ∈ Y is a semigroup isomorphism. Let A = φ −1 (B) = φ −1 m (B). Then for each α ∈ Y , f m,α ( A ) = φ −1 α ϕ m,α φ m ( A ) = φ −1 α ϕ m,α φ m ( φ −1 m (B) ) = φ −1 α ϕ m,α φ m (φ −1 m ( B )) = φ −1 α ϕ m,α ( B ) = M (G α , I α , Λ α , P α ).
Obviously, φ is also a digraph isomorphism from the Cayley digraph Cay(S, A) onto the Cayley digraph Cay(T, B).

VERTEX-TRANSITIVE CAYLEY DIGRAPHS OF COMPLETELY SIMPLE SEMIGROUPS
In view of the above discussion, the following result characterizes vertextransitive Cayley digraphs of strong semilattices of completely simple semigroups. 
Ì ÓÖ Ñ
= A ⊆ S m such that S α = M (G α , I α , Λ α , P α ) and f m,α ( A ) = M (G α , I α , Λ α , P α ) satisfying G α ⊆ G α , I α ⊆ I α , Λ α ⊆ Λ α and p α λ α j α = p α λ α j α for every λ α ∈ Λ α , j α ∈ I α and for each α ∈ Y . Then,
the Cayley digraph Cay(S, A) is vertex-transitive if and only if the following conditions hold:
(1) P 3 (f m,α (A)) = Λ α for each α ∈ Y , where P 3 is the third projection.
where
(2) This follows from Lemma 2.3(3). 
By Lemma 2.3(4), it follows that
k λ,α |G α × Λ α | = |G m × Λ m | for each α ∈ Y and λ ∈ Λ α .
Sufficiency.
(i) Since Y has the maximum m and A ⊆ S m ,
This implies that
(ii) By the hypothesis and Lemma 3.1, A is a completely simple subsemigroup of S.
(iii) Let s = (i, g, λ) ∈ S α and t = (j, h, µ) ∈ S β . Then by the identity (3.1), (2) in the theorem and Lemma 2.3, the Cayley digraph Cay(S, A) is vertex-transitive.
In view of condition (3), we have |s
In Theorem 3.4, if the semilattice Y contains only one element, then we have the following corollary.
ÓÖÓÐÐ ÖÝ 3.5º Let
S = M (G, I, Λ, P ) be a Rees matrix semigroup, ∅ = A ⊆ S and A = M (G , I , Λ , P ) satisfying G ⊆ G, I ⊆ I, Λ ⊆ Λ and p λ j = p λ j for every λ ∈ Λ , j ∈ I .
Then the Cayley digraph Cay(S, A) is vertex-transitive if and only if the following conditions hold:
(1) P 3 (A) = Λ, where P 3 is the third projection.
To conclude this section, we consider color-preserving vertex-transitive Cayley digraphs of a strong semilattice of completely simple semigroups. 
Examples
In this section, we shall give two examples to illustrate Theorem 3.4 and Corollary 3.5. 
Then, by the proof of Lemma 3.2, S = M (G, I, Λ, P ) and M (G , I , Λ , P ) are the standard Rees representations of T and {e, f } = {e, f } determined by e, respectively. Let ψ be the corresponding semigroup isomorphism from S onto T . That is, ψ : S → T with (e, e, e) → e, (g, e, e) → g, (e, a, e) → a, (g, a, e) → c , e) , (e, e, f )}. Then ψ is also a digraph isomorphism from Cay(S, A) onto Cay(T, {e, f }). Moreover, we have the following facts:
(1) P 3 (A) = P 3 {(e, e, e), (e, e, f )} = {e, f } = Λ. (2) Since A = A is a right zero semigroup, the Cayley digraph Cay ( A , A) is vertex-transitive.
Thus, by Corollary 3.5, Cay(S, A) is vertex-transitive whence the Cayley digraph Cay(T, {e, f }) is vertex-transitive. In fact, the above Cay(T, {e, f }) is the following
Example 4.2. Let Y = {m, α} be a semilattice with m > α, T m = {p, q} be a right zero semigroup (that is, st = t for any s, t ∈ T m ) and
and 
It is easy to see that ϕ m,α is a semigroup morphism. Thus, T = T m ∪ T α is a strong semilattice of completely simple semigroups T m and T α . Let B = T m . Then p ∈ B = T m and p is an idempotent. Denote
is the standard Rees representation of T m (= B ) determined by p according to the proof of Lemma 3.2, where
On the other hand, observe that ϕ m, 
are the standard Rees representations of T α and ϕ m,α ( B ) (={e, f }) determined by e, respectively. Let ψ m and ψ α be the corresponding semigroup isomorphisms from S m onto T m and S α onto T α , respectively. That is, This together with the item (4.1) imply that S satisfies the given hypothesis in Theorem 3.4. Moreover, we have the following facts:
(1) P 3 (f m,m (A)) = P 3 (S m ) = Λ m and P 3 (f m,α ( A )) = P 3 {(e, e, e), (e, e, f )} = {e, f } = Λ α . By Theorem 3.4, Cay(S, A) is vertex-transitive whence the Cayley digraph Cay(T, B) is also vertex-transitive. However, Cay(T, B) is not color-preserving vertex-transitive by Proposition 3.6, since neither T m nor T α is a left group. In fact, by the multiplication of T , the above Cay (T, B) is the following
